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Abstract
Background: Integrated proton therapy - MRI systems are capable of delivering high doses to the target tissues
near sensitive organs and achieve better therapeutic results; however, the applied magnetic field for imaging,
influences the protons path, changes the penetration depth and deflects the particles, laterally, leading to dose
distribution variations.
Objective: To determine the effects of a magnetic field on the range and the lateral deflection of protons,
analytically.
Methods: An analytical survey based on protons energy and range power law relation, without using small angle
assumption was done. The penetration depth and lateral deflection of protons with therapeutic energy ranges 60250 MeV in the presence of uniform magnetic fields of 0-10T intensities, were calculated analytically. Calculations
were done for relativistic conditions with Mathematica software version 7.0, and MATLAB 7.0 was applied to plot
curves and curve fittings.
Results: In the presence of a magnetic field, the depth of Bragg peak was decreased and it was shifted laterally. A
second order polynomial model with power equation for its coefficients and a power model with quadratic
polynomial coefficients predicted the maximum lateral deflection (ymax) and maximum penetration depth (zmax)
variations with energy and magnetic field intensity, respectively.
Conclusion: The applied correction for deflection angle will give more reliable results in initial energy of 250 MeV
and 3T magnetic field intensity. For lower energies and magnetic field intensities the differences are negligible,
clinically.
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1. Introduction
Radiation therapy, is one of the main strategies for tumor treatment and control (1). Radiation therapy is done by
locating radioactive sources in the patient’s body which is called brachytherapy, or by using external sources of
ionizing radiation. External sources like photon and high energy electron beams are used for radiation therapy (2, 3).
Neutrons and charged particles such as protons, helium and carbon ions, are also used for cancer treatment (2). The
final aim of radiation therapy is to apply the highest prescribed dose to tumor, and protect the healthy organs around
it (4). The charged particles, due to their Bragg peak, have advantages compared to photon beams with exponential
dose deposition and electron beams with their wide area of maximum dose (2, 4-7). A dramatic dose decrease after
Bragg peak protects the organs behind the target volume in the radiation therapy (8). Therefore, using protons and
heavier charged particles is very desirable for cancer treatment and will give better treatment results. Although, the
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associated equipment is complex and expensive (4, 9-11). Also, geometry and characteristics of the beam path through
the body are important in charged particle therapy treatment planning. Therefore, determining the exact location of
tumor and dose localization in charged particle therapy is serious (12). Today, online tumor tracking and image guided
radiation therapy by magnetic resonance imaging are developed as a promising approach for this task (12-15). As the
magnetic field can affect the charged particles according to Lorentz equation (Eq. 1) and deflect their path in the
medium (16):
𝐹 = 𝑞𝑣𝐵𝑠𝑖𝑛𝜃
(1)
The applied magnetic fields in the integrated radiation therapy-MRI systems can alter the lateral deflection and
penetration depth of the charged particles in radiation therapy (12-15), which are responsible for dose dispositioning
in the patient’s body (8). Therefore, the influences of these changes on the dose distributions in the target volume
should be noticed. On the other hand, the concern of producing hot and cold spots in target volume due to the applied
magnetic fields and the necessitation of treatment planning modifications have been indicated in literature (13-14, 1721). Also, for spreading out the Bragg peak to cover the whole volume of the target in proton therapy, modulators are
used in the beam path which leads to neutron contamination (22-23). Another approach is the use of a magnetic field,
which reduces neutron contamination (24-25). As, the magnetic field can deflect the charged particles path and change
the location of their Bragg peak (26), investigating the effects of magnetic fields on charged particle therapy, is
important. Some literature has discussed the effects of the magnetic field on proton path in the water. Fuchs et al.
presented a fast numerical method for particle beam dose calculation in the presence of a magnetic field (17). Sardari
et al. applied a transverse static magnetic field for in vivo proton beam shaping, and found an increase in tumor dose
of about 30-90% and a decrease in the dose of healthy tissue about 10% (26). Raaymakers et al. found that a 0.5 T
magnetic field can only deflect the proton beam about 1 and 2 mm in a water phantom and patient’s body, respectively
(27). Schippers and Lomax found an 8mm deflection for a 200 MeV proton beam in a 0.5 T magnetic field (28). Oborn
et al. results showed a large deflection of beam in a direction perpendicular to the magnetic field lines (29). Wolf and
Bortfeld found that the maximum lateral deflection of particles at the end of their range is proportional to the third
power of their initial energy (30). Schellhammer and Hoffmann predicted the trajectory of a mono-energetic proton
beam in water phantom in the presence of a transverse magnetic field for repositioning the Bragg peak to its intended
location (31). All of the reviewed literature revealed the necessitation of considering Bragg peak movement due to
magnetic fields in treatment calculations, even for small magnetic field intensities or low proton energies. Since the
magnetic field alters the penetration depth and deflects the particles laterally, it can change dose distributions in
treatment planning (30). For increasing dose calculation precision, magnetic field effects should be considered in dose
calculations (17). Using Monte Carlo based simulation methods are often too time-consuming to calculate these
changes. So, researchers are still interested in continuing to apply the analytical methods and to improve them in the
future (32). Standard analytical models can be used in modern treatment planning for particle therapy dose calculations
(17). Therefore, providing an analytical relationship for lateral deflection and penetrating depth of protons with
magnetic field intensity can be useful for dosimetry and therapeutic proposes. In most of the previous analytical and
numerical studies (30, 31), small angle approximation has been applied to calculate deflection angle of protons in the
presence of the magnetic field, while the deflection angle is not small enough to use this approximation. Therefore,
this study aims to propose a simple and more accurate analytical method to calculate the penetration depth and lateral
deflection of protons with different initial energies in a water phantom in the presence of a magnetic field of different
intensities by considering relativistic conditions without small angle assumption.
2. Material and Methods
This study is done analytically based on power law range- energy relationship as follows:
𝑝
𝑅0 = α𝐸0
(2)
Where 𝑹𝟎 and 𝑬𝟎 are the range and initial energy of the protons, respectively (30, 33). The parameter α is a materialdependent constant, and p takes into account the dependence of the proton’s energy or velocity (33). In our
calculations, the parameters α and p are assumed to be 𝟐 ∙ 𝟒𝟑 × 𝟏𝟎−𝟑 and 1.75, respectively (30). The energy of
protons at depth z (E(z)) can be expressed as (33):
𝑹𝟎 − 𝒛 𝟏
𝑬(𝒛) = (
)𝒑
(𝟑)
𝜶
Consider a mono energetic proton beam traveling along the z-axis and a static magnetic field of different strengths
applied in the x –axis direction perpendicular to the particles path (z), the proton beam will take a curvature path (s)
in the medium due to the magnetic field and Lorentz force (Figure 1). Therefore; to calculate E as a function of the
distance travelled s, the Eq. 3 can be rewritten for s instead of z. The radius of the curvature path r (s) of proton in the
magnetic field is as follows:
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𝑚 ∙ 𝛾(𝑠) ∙ 𝑣(𝑠)
(4)
𝑞∙𝐵
Where m is the mass of proton travelling along z-axes and passing through a static magnetic field (B) applied across
the x-axes, v(s) and q are the velocity and the charge of proton, respectively. Lorentz factor ( γ(s)) equals
𝑟(𝑠) =

2

1⁄√1 − (𝑣 ⁄𝑐) as a relativistic factor. Since the length of the partial curvature path of proton in the medium, ds, can
be approximated by multiplying the curvature radius r and the deflection angle d∅ (d𝑠 = 𝑟(𝑠)𝑑∅(s)) according to (30)
and Eq.4, it can be written as:
𝑞𝐵
𝑑∅ =
𝑑𝑠
(5)
𝐸(𝑠)
√2𝑚𝐸(𝑠)(1 +
)
2𝑚𝑐 2
The total deflection angle,∅(s) is measured by integrating the distance s which the proton has travelled.
∅(𝑠)
𝑠
𝑞𝐵
∫
𝑑∅(𝑠 ′ ) = ∫
𝑑𝑠
(6)
𝐸(𝑠′)
0
0
√2𝑚𝐸(𝑠′)(1 +
)
2𝑚𝑐 2
This integration requires the functional form of E(s) obtained from Eq. 3. In this study, using Mathematica software
version7.0, the Tailor series expansion of 1⁄√2𝑚𝐸(𝑠′)(1 +

𝐸(𝑠 ′ )
2𝑚𝑐 2

) with 6 terms was obtained and then the deflection

angle ∅(𝑠) was calculated. Finally, the lateral deflection of protons in y direction was calculated with regard to 𝑦(𝑠) =
𝑠
𝑠
∫0 𝑠𝑖𝑛∅(𝑠′)𝑑𝑠 ′. Also, the penetration depth of proton in z direction was determined by 𝑧(𝑠) = ∫0 𝑐𝑜𝑠∅(𝑠′) ∙ 𝑑𝑠 ′ . In
most of the previous studies (30), small angle approximation has been applied to calculate y(s) and z(s), while the
deflection angle is not small enough to use this approximation. Therefore, employing Mathematica, y(s) and z(s), were
calculated by 7 terms Tailor series expansion; however, due to their large size, the extracted equations for y(s) and
z(s) are not included in the article. For initial energies, 60-250 MeV, the magnetic field intensity (B) was changed
from zero to 10T. The maximum lateral deflection ymax (cm) and the penetration depth zmax (cm) of protons were
calculated and tabulated for each magnetic field intensity B(T) and various initial energies under relativistic conditions
(not been shown). To investigate the effect of magnetic field intensity (B (T)), the ymax and zmax were plotted for each
initial energy under relativistic conditions. In addition, the variations of ymax and zmax, were drawn as a function of
initial energy for different magnetic field intensities finally, variations of the maximum lateral deflection and
penetration depth of protons with the magnetic field intensity and initial energy were formulated using curve fitting
toolbox in MATLAB version7.

Figure 1. Schematic illustration of the supposed geometry. The continuous arrow marks the initial beam direction,
while the direction of beam deflection is shown by a dotted line. The dashed arrows indicates the magnetic field
orientation which is perpendicular to the initial direction of protons (adapted from Ref. 17- modified for the assumed
geometry).
3. Results
The calculated maximum lateral deflection ymax and penetration depth zmax of protons, for each initial energy in the
presence of magnetic field is shown in Figure 2-a, b. variations of ymax and zmax, in cm, were drawn as a function of
initial energy (MeV) for different magnetic field intensities (Tesla) in Figure 2-c, d.
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The quadratic polynomial model was used to formulate the maximum lateral deflection regarding magnetic field
intensity (data shown in Figure 2-a) as follows:
𝑦𝑚𝑎𝑥 (𝐵) = α𝐵2 + 𝛽𝐵 + 𝛾
(7)
Where the fitting parameters α, β and γ for different initial energies are shown in Table 1 with R2 > 0.99.
Since the parameters α, β and γ are initial energy related, applying a power model has revealed the best fit (R 2>0.99)
as follows:
𝑦𝑚𝑎𝑥 (𝐵, 𝐸0 ) = 𝑎1 𝐸0 5 𝐵2 + 𝑎2 𝐸0 3.17 𝐵 + 𝑎3 𝐸0 4.6
(8)
Where a1, a2 and a3 are -1.42×10-13, 1.03 ×10-7 and -2.78×10-12, respectively.
For maximum penetration depth, the power model predicted its variations with initial energy (data shown in Figure 2d) as follows:
𝑧𝑚𝑎𝑥 (𝐸0 ) = a 𝐸0 𝑏
(9)
Where the fitting parameters a, b are shown for different magnetic field intensities in Table 2 with R2> 0.97. As shown
in Table 2, the parameters a, b are related to magnetic field intensity (B). The best fit was obtained by employing a
quadratic polynomial model with R2>0.98 as follows:
2
zmax (E0 , B) = (a1 B 2 + a 2 B + a 3 )𝐸0 (𝑏1B +b2B+b3 )
(10)
Where a1, a2, a3, b1, b2 and b3 are 0.001, -0.004, 0.005, -0.004, -0.43 and 1.79, respectively.

Figure 2. a) The maximum lateral deflection (ymax) and b) the maximum penetration (zmax) of protons with different
initial energies in the presence of magnetic field in water. c) the maximum latral deflection (ymax) and d) the maximum
penetration depth (zmax) of protons in the presence of magnetic field as a function of initial energy.
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Table 1. The fitting parameters α, β and γ for different initial energies of proton in the fitted quadratic polynomial
model to the variations of proton maximum lateral deflection with magnetic field intensity changes y max(B)= αB2+
βB+ γ.
E0(MeV) α
β
γ
70
0.00
0.08 0.00
90
0.00
0.17 0.00
120
0.00
0.41 - 0.01
150
- 0.01 0.81 - 0.02
180
- 0.03 1.43 - 0.06
200
- 0.05 1.98 - 0.10
250
- 0.14 4.02 - 0.30
300
- 0.35 7.19 - 0.67
Table 2. The parameters of the fitted power model for maximum penetration depth of proton z max (cm) as a function
of E0 (MeV) (zmax(E0)= a E0 b ).
B(T) 0
1
2
3
4
5
6
7
8
9
10
a
0.0024 0.0025 0.0030 0.0040 0.0054 0.0084 0.0144 0.0242 0.0368 0.0513 0.0663
b
1.75
1.74
1.71
1.65
1.58
1.49
1.38
1.27
1.18
1.10
1.04
4. Discussion
Advantages of the proton therapy such as Bragg peak, dramatic distal dose decrease, multiple scattering, lateral dose
fall off, and localized dose provide more accuracy in dose delivery to tumors near sensitive organs (34, 35). To achieve
these benefits, identifying factors like geometry, characteristics, density of beam path, and tumor position is essential
in treatment planning systems for hadron therapy (12). This issue necessitates integrating proton therapy facilities with
magnetic resonance imaging systems (MRI) which makes possible radiation therapy based on real time imaging of
soft tissue. MRI can determine tumor variations during radiotherapy to modify treatment planning between dose
delivery fractions (13, 19). However, the applied magnetic field can alter proton range and lateral deflection, which
consequently changes dose distribution (14, 19). As shown in Figure 2, for therapeutic protons with energy in the
range of 60-250 MeV, the maximum lateral deflection at the end of the range in the presence of a magnetic field had
an increasing trend with increasing magnetic field intensity while maximum penetration depth was reduced. According
to Figure 2-a, 2-c, the maximum lateral deflection showed a rising trend with increasing magnetic field intensity and
the initial energy of protons. A second order polynomial model was fitted to the maximum lateral deflection and
magnetic field intensity with R2 > 0.99, where polynomial coefficients had a power relation with the initial energy
(Table 1), which leads to a general formula calculating ymax as a function of E0 and B (Eq. 8). As seen, the lateral
deflection of protons in the presence of a magnetic field was a function of initial energy and magnetic field intensity.
By substituting the initial energy of protons in MeV and the magnetic field intensity in Tesla, in Eq. 8, the maximum
lateral deflection of protons will be achieved in cm. As shown in Figure 2-b, the maximum axillary projected range
or the so-called maximum penetration depth of protons (z max) reduced with increasing magnetic field intensity. This
was due to proton deviation which caused protons to traverse a curvature path in the medium and lose more energy.
As illustrated in Figure 2-d, the maximum penetration depth (z max) increased with energy. A power model with R2>
0.97, was applied to maximum penetration depth of proton and initial energy relation in water (Eq.9), whose
coefficients (Table 2), were related to magnetic field intensity by quadratic polynomials equation. Finally, z max was
achieved as a function of E0, and B (Eq.10). By substituting the initial energy of protons in MeV and the magnetic
field intensity in Tesla, the maximum penetration depth of protons will be calculable in cm. By applying the acquired
equations (Eq. 8, 10), fast and accurate calculation of lateral deflection and penetration depth of proton beams with
different initial energies will be possible in the presence of a magnetic field of any intensity. The comparison of the
presented method with other researchers was illustrated in Tables 3 and 4. Generally, Table 3 and 4 indicated good
agreement with the results of previous studies (17, 30-31). As Schellhammer and Hoffmann (31) mentioned, the small
angle approximation in the clinical energy range for calculating lateral deflection and penetration depth of protons in
the presence of magnetic field intensities below 3 Tesla did not have considerable effects in the results. Data in Tables
3 and 4 indicated this fact, too. On the other hand, Wolf and Bortfeld (30) presented an analytical method by assuming
the small angle approximation for calculating the beam deflection and we did not apply small angle assumption, but
the results showed good agreement. According to Tables 3 and 4, the presented results without small angle
approximation, were closer to those of Schellhammer and Hoffmann (31), in initial energy of 250 MeV and 3T
magnetic field intensity. Because, Schellhammer and Hoffmann (31) had improved the Wolf and Bortfeld model (30)
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for rotation radius and deflection angle. For lower energies and magnetic field intensities the differences are negligible,
clinically. In clinical treatment planning systems, the analytical methods are faster than Monte Carlo based approaches
to calculate dose distributions in the presence of the uniform magnetic field. Moreover, while the calculation of Bragg
peak deflection will be faster using Eq.8, 10, the restrictions of this method compared to Monte Carlo methods are not
considering the secondary particles, inhomogeneity of medium and non-uniformity of magnetic field.
Table 3. Comparison of predicted lateral deflection (ymax) of a mono energetic proton beam with initial energy E 0
(MeV) at the Bragg peak in relativistic condition. The beam passes through a water phantom in a uniform magnetic
field of B (T).
Ymax (mm)
B
E0
Proposed
Wolf &
Fuchs et
Schellhammer
%D*
%D*
%D*
(T)
(MeV)
method
Bortfeld (30)I al. (17)II
&Hoffmann (31)III
with I
with II
with III
0.35 60
0.18
0.20
0.20
0.20
-11.11
-11.11
-11.11
150
2.71
2.70
2.50
2.70
0.37
7.75
0.37
250
12.30
12.40
11.80
12.40
-0.81
4.06
-0.81
0.5
90
0.86
0.90
0.90
-4.65
-4.65
200
9.08
9.20
9.20
-1.32
-1.32
1.0
60
0.50
0.50
0.50
0.50
0.00
0.00
0.00
150
7.73
7.80
7.30
7.80
-0.91
5.56
-0.91
250
35.05
35.50
32.80
35.40
-1.28
6.42
-1.00
1.5
90
2.53
2.60
2.60
-2.77
-2.77
200
27.14
27.50
27.40
-1.33
-0.96
3
60
1.51
1.50
1.40
1.50
0.66
7.28
0.66
90
5.06
5.20
5.10
-2.77
-0.79
120
11.90
12.10
-12.00
-1.68
-0.84
150
23.03
23.50
22.80
23.20
-2.04
0.74
-1.00
180
39.39
40.30
39.70
-2.31
-0.79
200
53.64
55.10
-2.72
250
102.61
106.60
98.90
103.40
-3.89
3.62
-0.77
I: Analytical method, II: Simulation method, III: Iterative analytical method, %D*: the percent of relative differences
between our proposed method and other studies.
Table 4. Comparison of predicted penetration depth variations (Δz max in mm) of a mono energetic proton beam with
initial energy E0 (MeV) at the Bragg peak in relativistic condition. The beam passes through a water phantom in a
uniform magnetic field of B (T).
Δz max (mm)
B (T)
E0 (MeV)
Proposed
Wolf &
Fuchs et al. (17)II Schellhammer
I
method
Bortfeld (30)
&Hoffmann (31)III
0.35
60
0.00
0.00
0.83
0.00
150
0.00
0.00
0.23
0.00
250
0.28
0.30
6.96
0.30
1.0
60
0.01
0.00
0.83
0.00
150
0.26
0.30
1.23
0.30
250
2.24
2.60
8.95
2.30
3
60
0.05
0.10
0.93
0.10
120
0.90
1.00
1.00
150
2.40
2.60
3.23
2.50
180
5.10
5.70
5.30
250
19.92
23.10
25.94
20.70
I: Analytical method, II: Simulation method, III: Iterative analytical method
5. Conclusions
The proposed analytical approach can predict the deflection and penetration depth of a proton beam in the presence
of a magnetic field of any intensity, which can be a fast and accurate method for calculating the variation of dose
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distribution in MRI-based proton therapy treatment planning systems and research. Applying a magnetic field of
suitable and enough intensity perpendicular to the proton beam path can force the proton to go through a spiral path
inside the target volume, which, consequently, increases the dose in the target volume sparing the organs behind it,
which is ideal in hadron therapy. But, this is an initial proposal in proton therapy and may not be applicable in a
clinical situation to concentrate the dose in the target volume, because magnetic fields with high intensities will be
needed to do this, and these intensities cannot be applied to the patient’s body. Although, they can be used in simulation
environments or in vitro experiments.
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